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Abstract 

Starting from a nonlinear isospinor-spinor field equation, generalized three- 
particle Bargmann-Wigner equations are derived. In the strong-coupling 
limit, a special class of spin 1/2 bound-states are calculated. These solutions 
which are antisymmetric with respect to all indices, have mixed symmetries 
in isospin-superspin space and in spin orbit space. As a consequence of this 
mixed symmetry, we get three solution manifolds. In appendix |B|, table 2, 
these solution manifolds are interpreted as the three generations of leptons 
and quarks. This interpretation will be justified in a forthcoming paper. 

PACS 11.10 - Field theory 

PACS 12.10 - Unified field theories and models 



1 Introduction 



In various field theoretic models, three-fermion bound states are assumed to play an 
important role. In general, ordinary Schrodinger equations or Bethe Salpeter equa- 
tions are used for their calculation. As far as these models are based on nonlinear 
spinor equations, for instance Nambu Lasinio Models or Heisenberg Models, it is 
reasonable to apply generalized Bargmann Wigner equations for the calculation of 
many-fermion bound states. In previous papers we calculated two-fermion compos- 
ites and three-fermion composites by means of generalized B. W. equations 
HI- I 11 llWlli Hi we showed that the effective dynamics of these bound states leads 
to an unbroken SU(2)xU(l) gauge theory and that the three-fermion bound states 
may be interpreted as quarks and leptons. However, because we used three-particle 
states with symmetric isospin-superspin dependence, we obtained isospin quartets 
instead of isospin doublets which are required by phenomenology. Furthermore, the 
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three-particle solutions with symmetric isospin-superspin dependence can only de- 
scribe one generation of leptons and quarks i. e. the three families have not been 
included up to now. 

This paper is a first step in order to remove these drawbacks. Starting from a non- 
linear spinor-isospinor field equation we will derive generalized Bargmann-Wigner 
equations. Then we will calculate those solutions which have mixed symmetry in 
isospin-superspin space and spin orbit space. The calculations are performed in 
the strong-coupling limit. A physical motivation for the application of the strong- 
coupling limit is given in ||, where also literature concerning the strong-coupling 
limit is cited. In the mixed symmetric sector we not only get isospin doublets but 
also three solution manifolds which can in principle describe the three generations 
of leptons and quarks. The proof that the effective dynamics of mixed symmetric 
three-fermion states and two-fermion composites includes the three generations of 
leptons and quarks is postponed to a forthcoming paper. 

It should be mentioned that we can choose between the solution manifold with sym- 
metric isospin-superspin dependence and the solution manifold with mixed symme- 
try in isospin-superspin space by fine-tuning the coupling constant. The value of the 
coupling constant can be chosen such that one of the two solution manifolds acquire 
low masses whereas the masses of the remaining solution manifold get high values 
i. e. it become unobservable. 

The paper is organized as follows. In section ^| we introduce the subfermion model. 
In section [|, the three-particle equations are given and the strong-coupling limit is 
performed. In section |] the solutions of these three-particle equations are discussed 
for the case of mixed symmetry in isospin-superspin space. In section || a summary 
is given. Finally we mention that some definitions and notations used in this paper 
are given in appendix [A] and ||. 



The basic fermions of our model are described by Dirac spinors which satisfy the 
following nonlinear spinor-isospinor equation: 



2 The model 



{i'fdn -m) a/3 5 AB i/; l3B (x) = gV^ D i) pB (x)i) lC {x)iJ5D{x) 



(1) 
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As leptons and quarks are assumed to be constituted by three of these fermions 
we call them in the following subfermions, in contrast to the fermions of the standard 
model. 

If we use the charge conjugated spinor ip c aA instead of the adjoint spinor (p a A and 
furthermore introduce the definitions 

(Pan ■= {ipal , , V£l > Vat} 

Z := (a, k) 

n M — a 

-^^1^2 - — l la 1 a 2 u KiK 2 
m Z 1 Z 2 := m °aia2°KiK2 
U Zl Z 2 Z z Z 4 '■= 9 V a ia2 i^^) ^i«2 7k 3K4 , 



we can combine (jj) and its charge conjugated equation into one equation 

Z 2 ) 4 > Z 2 { r ^) — , ^ZUz 1 {Z 2 Z 3 Z i }as ( t ) Z2 (T,t)<f>z 3 (r,t)<t> z ^T,t) (2) 
h 

The canonical equal time anticommutator then reads 

{(f) Zl (r u t),(j) Z2 (r 2 ,t)} = A ZlZ . 2 5(r 1 -r 2 ) 
A Zl z 2 := ll lK2 {C^°) aia2 . 

We characterize the quantum states \a) of the model (0) by the set of normal ordered 
matrix-elements for equal times t 

ip n (r 1 ,Z 1 ,...,r n ,Z n \a):=(0\Af{(f) Zl (r 1 ,t)...(f) Zn (r n ,t)}\a) . (3) 

Introducing furthermore the generating functional states for the normal transformed 
matrix-elements \ J-"(J, a)) with anticommuting sources jz( r ) and their corresponding 
duals d z (r), we get as a compact formulation of the field dynamics the functional 
energy equation 



(E a - E )\F(j, a)) = K hl23h d l2 \F(], a)) 

+E^iw« {jiAAAi-zKiJhJidiA. 
h L 

+ (zKiKv + \ A ui A hi) JhJuiA (4) 

- (FfaFfo + l -A UI A hI ?j F^jjJdidi"} \F{3, a)) . 
In (f|) we used the definitions 
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K hh := iD° ZlZ (d Z z 2 ■ V ri - m Z z 2 ) 5 {r 1 - r 2 ) 

W Ihhu ■= iD° ZlZ Ul {Z2ZsZ4} J (r a - r 2 ) 5 (n - r 3 ) 5 (n - r 4 ) 
A Jl72 := A ZlZ2 5 (ri - r 2 ) 

oo jn 

\HJ^)) ■= E- (O|iV{0 /l ...0 J J|a) j/ 1 ...j/JO) / , 

n=0 n - 

where the functional state 1 0) y- satisfies 9j |0}j = f(Q\ji = and F a in (f|) is 
the antisymmetric equal time limit of the fermion field propagator. Furthermore 
it should be emphasized, that at this stage of calculation we have not restricted 
ourselves onto Fock-space. 



3 Three-particle equations 

If projected in coordinate space, (|) yields an infinite set of coupled differential 
equations for the infinite set of matrix-elements of normal ordered products of field 
operators. In order to obtain generalized Bargmann-Wigner equations from this set, 
we consider only the "diagonal part" of (^) which is given by 

a)) d = j h K Ill2 d h \F(j, a)) d - 3 £ Ji^^F^j^MHj , a)) d • (5) 

h=l 

The non-diagonal part of (f|) is assumed to mediate the interactions of the eigenstates 
of (0) 0. The corresponding theory of effective interactions is not the topic of this 
paper. Rather we want to investigate the solutions of @, in particular three-particle 
solutions. By projecting with (}) 3 /(0| dv 3 dv 2 dv 1 from the left we obtain from (||) the 
set of equations 

w WiVWs = Kvii fiV2V3 + Kv 2 i VV1IV3 + Kvzi PV1V2I 

-3 £ (-Y £ W* hJA F% v Vlll2Vp(3) (6) 

peS(3) h=l 

for the calculation of the three-particle amplitude <£>Viy 2 v 3 which has to be anti- 
symmetric with respect to all indices. For the connection of (^) with ordinary 
BW-equations we refer to || and the literature cited therein. 

For a first draft, we consider eqn. (H) in the strong-coupling limit which is charac- 
terized by 

K ir -» -imD° n , , -imD% = m<W7°a'<K r - r') . (7) 
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For a physical motivation with respect to the use of the strong-coupling limit see 
||. With (0), eqn. (§) becomes 



W2V3 + i m \Pvxi Vmvz + Dy 2l <fViIV 3 + Dy 3l tfViViI 



= "3 E (-T E K^isKv^ ^W p(3) ■ (8) 
P eS(3) /i=i 

For the evaluation of (§) we need the explicit form of F a . As a first approximation we 
take for F a the antisymmetric equal time limit of the free fermion field propagator, 
which we assume to be regularized in the sense that F a | ri=r2 < 00 (For a systematic 
treatment of nonperturbative regularization see [|J). Therefore we have 



/ 

pa 



I -1 r e~ ipr 



r 



= : (75) K1K2 ^ 

= : (^) KlK2 h k Ch k (v)+Cs(r)) (9) 

where r := 17 — r 2 , h k (—r) = —h k (r). Furthermore we mention that s(r) is a scalar 
function which means that it is a function of r 2 := r • r. Using Fierz identities, the 
vertex J2h=i ^11 1/2/3 can ^ e wr itten as 

3 E W$ hhh =gS(r- n) 5(r - r 2 ) *(r - r 3 ) • 

4(7°7 At )^3^(7^)i ia2 (^75) KK 3^ lK2 + 4(7V75)a a 3^(7 /i 75C)t f2ai (5 m 7 5 ). K 3^ K2 

47ao 3 ^C^q-j (75 ' 75)kk3 (75) KlK2 + 4(7°7 5 )aa 3 ^(75C)i 2ai (75 • 75) KK 3(75) K1K2 } (10) 

where A n or S 1 ™ is an arbitrary complete set of antisymmetric or symmetric 4x4 
matrices, and A n or S m resp. are the corresponding duals which satisfy the following 
completeness and orthogonality relations: 



-tr 



A n A r, 



tl' 



qm qm 



K 2 K 1 
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4 Calculation of three-particle states in the mixed 
symmetric sector 

In this section, we discuss those spin 1/2 solutions of (|8|) which possess mixed sym- 
metry in isospin-superspin space. In addition, we restrict ourselves to solutions if 
which satisfy the condition 



(7s) K1 



ri r 2 r 3 

r I ati a 2 n :! 

Kl K 2 K 3 



(11) 



As will be shown below, the constraint ([TT]) enables us to completely separate the 
determination of the isospin-superspin part from the calculation of the spin orbit 
part of the wave function. This is in full analogy to the case of symmetric isospin- 
superspin dependence (see 

The ansatz for an antisymmetric function </ ? / 1 j 2 / 3 with mixed symmetry in isospin- 
superspin space reads pfl: 



= C xl \j) C 22 - C 21 \j) C 12 
+C 22 \j) ® C u |$ a ) - C 12 \j) ® C 21 1$"> 



(12) 



The Young-operators Cik are defined in appendix [A]. The quantum number a rep- 
resents the J = 1/2 spin quantum numbers whereas the quantum number j of the 
isospin state \j) combines the isospin and fermion quantum numbers. The possi- 
bility to classify the states according to isospin and fermion quantum numbers is a 
consequence of the global SU(2)xU(l)-invariance of equation ([j]) or (||) respectively. 
Furthermore we have used the Dirac bracket formulation. For instance 



(kiK 2 k 3 | 







( ri r2 r3 \ 


, / ri r 2 r 3 


} b) = <p 


a.\ a 2 a 3 


\«1 « 2 « 3 


V K l K 2 «3 / 





(«1«2«3| ® 



ri r 2 r 3 

«i a 2 «3 



Q3 $ 



ri r 2 r 3 

Ot\ a 2 a 3 



with Q{ lK2K3 = (kik 2 k 3 [?), etc. 

In general, we must take into account the possibility of degeneracy. Therefore we 
have to replace in (12) the states \j) or |$ a ) resp. by the linear combinations a s \j, s) 
or b r |$°) respectively, where the degeneracy indices s,r enumerate the states be- 
longing to the same quantum number. With these replacements we get from fll2"l) : 

\<p) = a s b r lc n \j, s) ® C 22 |$«> - C 21 | j, s) ® C 12 |$«> 

+C 22 |j, s) ® C u |$«) - C 12 |j, s) (8) C 21 } (13) 
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In the mixed symmetric state space, the unit operator is given by the sum of the pro- 
jection operators Cn and C 22 . This yields a decomposition of the mixed symmetric 
state space according to H mixed = H n © iJ 22 . If we require the states Cn \ j, s) to be 
complete, i. e. every state of Hn with quantum number j can uniquely be written 
as a s Cn \ j, s), then it can be proven that we get a complete set of states in H22 with 
the help of the step operator C21'. 

C22 \j, s) = a ss i C 2 iCn I j, s) ( = } a ss > C 2 \ \ j, s') (14) 
With the analog requirement for the state C22 \^r)i we have 

C U |0 = Av C 12 C 2 2 = Prr> Ci 2 (15) 



If we substitute ([14]) and (|I5|) into (|13D, we get 



<^ a ) = a s bJc n \j, s) ® C 22 - C 21 |j, s) ® C 12 

+aw/3 rP / C 2 i |j, s') <8> C 12 - a ss ,/3 rr , C n |j, s') ® C 22 
which can be written in the form 

<^>J> = (a s b r - fvevA'A-'r) C n | j, s) ® C 22 [$*) 
- (aA - a s >a s i s b r >(3 r > r ) C 2 i |j, s) <g> C i2 |$°) 
=: ^ {Cn \j, s) ® C 22 |d> r a > - C 21 |i, s) ® C 12 |$«)) (16) 

So far we have not achieved any simplification with respect to (|i~3l). However, it is 
shown in appendix that due to the requirement (|TT|) there is no degeneracy in the 
isospin-superspin space i. e with (|ll|) we have 

Cn \j, s) - C n |j> 
a s , a ss < — > a , a 
(a6 r — aab r 'P r ' r ) — > r] r 

Hence, we infer from ([16]): 

= 7? r C n |j) ® C 22 |$*> - r/ r C 21 |j> ® C 12 |$?> (17) 

The ansatz (O) is indeed a simplification in comparison to the ansatz (|T3| ) because 
in this ansatz we only have coefficients rj s with one index instead of coefficients t rs 
with two indices. Before we use this ansatz to evaluate (|^), we discuss a further 
consequence of (|TT|). 

By projecting in (d) with /(0| di, we see that a condition for fi^is to describe a 
genuine three-particle state and not a polarization cloud of one particle, is given by 

E W^ ah (p IM = (18) 
h=l 
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In the following we demonstrate that the condition ( |TTD is sufficient for the fulfillment 
of (M). After substitution of fll7D into <M) we get: 



^(7V)aa3^(7' 1 C , )t ia2 (75) K2K 3(C'll0')- 2 «3(C , 2 2 $") Ql a 2 a3 

-Vr (7V75) aa3 ^(7 /i 75C')t tia2 (75) K2K 3(^ie^) KK2K 3(C 12 $«) QlQ2Q 3 = (19) 



where we already have taken into account that due to (|TT|), the last two terms on 
the right hand side of flTUD do not give any contribution in (|TH). In order to further 



simplify (IS), we have to separate the isospin-superspin part from the spin part. 



Therefore we need 
Lemma 1 



(75) K2K3 (Cii@' 7 )ki«; 2 k3 = v / 3(75) K2K3 (C 2 i6 : ') K:LK2re 3 



Proof: 

Due to (j 5 ) KlK2 = (75W1 we have 



(75) K2K3 (Cii@ J ) Kl « 2K3 = (75) K2K3 (^23Cll@ J ) Kl 



K2K3 ) 



(R) r~ 

where the relation P23C11 — 1/2 Cn + 1/2 v3C2i completes the proof. □ 
With lemma p], condition (pi]) is simplified and yields 

(75k K2 (Cn^) KKlK2 • {vr(lV)aa 3 \(rC)l a2 (C 22 ^U 



a ■> a 4 



-Vr (7 7 M 75) aQ3 ^(7 M 75C)t iQ2 (C 12 $^) aia2a3 } = (20) 

We prove that (^0|) is automatically fulfilled if (|TT|) is postulated. Substituting the 
ansatz ([H]) into ( |TTD yields 

(is) K1K2 (c n e% 1K2K3 = (21) 

(l 5 ) KlK2 (C 21 &) KlK2K3 =0 (22) 

Equation ( pT|) is trivially fulfilled due to the antisymmetry of (CnO J ) in the first two 
indices whereas the requirement (|22[ ) is a genuine restriction to the G- 7 . Therefore 
the requirement ( p2|) is fully equivalent to the requirement ([11]). In order to get the 
connection between ( p2|) and (|20|) , we prove the following 

Lemma 2 

2 

3 V 

Proof: 



(75)k 2 k 3 (C < 210 : ')k 2 k 3 k 1 — 7^(75) k 2 k 3 (Ci1© J )kik 2 k 3 



(75) K2K3 (Cll@ J ) K i K2 « 3 = (75) K2K3 (Pl3Pl3Cll@ r 



KlK 2 K 3 



s 



(7. 



5)k 2 k 3 



V3 



c 21 e j 



(7 5 ) K2K3 
>/3 



>n-fc 21 W 



J K 3 ft 2 Kl 



(75)k2K3(C < 21@' ? )k2K3Ki 



□ 



Due to lemma |2], we see that (|20|) is a consequence of the requirement (|ITD i.e. those 



functions which fulfill (pTTf) do not describe polarization clouds. 



Keeping in mind that due to (|TT|) we can neglect the last two terms on the right 
hand side of fllPp, we get after substituting (|17"D into (|8|) an eigenvalue equation with 
the following structure 



{o;-m( 7l + 72 + 7 3 )} 



r/ r C a o jC n |j)(8)OiC 22 |$-) 
-C 2 i |j><8)0 2 C 12 |^> 



(23) 



where Oi j2 are well defined operators. The operator C a is the usual antisymmetri- 
sizer. It's Kronecker decomposition is given by ||,p37,prop. 2. 58: 



C a = C a xC s + C s xC a + ^ x ^ _ ^ x ^ + ^ x ^ 
— C12 x C 2 i) 

With the help of 0>,(|37|) and @ we get from 



(24) 



{c-m( 7l + 72 + 73 )}|^) 



^-|C n \j) ® C^C^ |$«> - C 21 |j> ® d.dC^ |*») 
-C 21 |j> ® C u d 2 C 12 |$ r a ) + C n \j) ® C 21 2 C 12 

If we multiply in (^) from the left with 

(j\(C u xl) or (i|(C 12 xl) , 
we get with the normalization of the states \j) (see pi]) : 

{cu - m ( 7l ° + 72 ° + 73 °) } Vr C 2 2 m = \ {c 22 6 x + C 21 6 2 C 12 } Vr C 22 \® a r ) 



(25) 



(26) 



In ( ^6|) we have no isospin-superspin dependence i. e. we have completely separated 
the calculation of the isospin-superspin part from the spin orbit part of the three- 
particle states. If r] r C 22 |$") is given, i. e. is calculated from (|26|) , we get the complete 
state \^ ,a ) with the help of the relation 



I x 1 — C 21 x C 12 ){C U \j) ® r) r C 22 |$«) } 



(27) 
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where the states C\\ \j) which fulfill 

( 75 ) K2K3 («i« 2 k 3 | C n \j) = (75)^3 (C n e j ) = (28) 

V / K1K2K3 

are given in appendix [B|. 

If projected in configuration space, equation ( p6|) reads: 

LU —m ((7°)ai/3i^2/3 2 ^3/33 + (7°) 012/82 ^aift^asAs + (7°)a-3/33 < W2 ( Wi 

•C 22 (r,/3) o77 r $ r ^ = f / dz i dz 2 dz 3 {c 22 (r,a) o 

(7Vk/3 F ( ^ ) (7^)kfe^3fe *(n - *0 *(n - z 2 ) tf(n - z 3 

+ C 21 (v,a) o ( T °7^75)a^ F ( r ^ 2 r2 ) (^TfeCOU^A ' 
5(r ± - zi) <J(n - z 2 ) (J(n - z 3 ) Ci 2 (z, /?) o I C 22 (z, /3) o ?y r $ r ^ ^ 



Zi z 2 z 3 

ft ft 



(29) 



The notation Cik(r, a) indicates that the Young-operator act on the indices a, r. 
Equation (^9|) can in principle be solved ||. However, because we are only interested 
in the structure of the solution rather than in it's detailed form, we only consider 
for k = , X\ = r 2 = r 3 = r (see also ||). In this case we can make the ansatz 



VrC 22 ^. ^ ^ ^ 

\ ai ol 2 a 3 



k=0 = r) r VL a r {ona 2 a?) (30) 

ri = r 2 = r 3 



Because we are interested in spin-l/2-solutions, we need a complete set of multi- 
spinors of the third kind in H 22 which describe spin 1/2-states. Without proof we 
give the following lemma: 

Lemma 3 The multispinors of the third kind which describe spin 1/2 and which are 
eigenstates of C 22 with eigenvalue 1 (i. e. are elements of H 22 ), are unique linear 
combinations of the following three linear independent multispinors 

n? = ^t-{fc ® iu ■ x a (K) + ® k p ■ x a (K)} 

where we have used the notation (A £g> ip) aia2a3 := A aia2 ip az . Furthermore the 
Diracspinor x a {K) is assumed to fulfill (j^K^ — \ / K 2 )x a = 0. 

Because we are interested in the case k = 0, we have to perform the limit k — > in 
lemma || 

n« k -^° n; = <g> 7 ° • x a + s ofc ® s ofc • x a (3i) 
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n 



a k=0 



n a 2 



/;;/ 



(32) 
(33) 



where 



1 
' 

Voy Voy 



o 
i 

voy 






viy 



To solve ( p6|) for the case r x = r 2 = r 3 , k = 0, we substitute the ansatz r] r f2" into 



the projected equation of (26) . For brevity we do not exhibit the corresponding 
calculations, rather we give the final result. Combining the r] r into a vector ff, we 
get a homogeneous equation with the structure A fj = 0, where the matrix A is given 
by 



.4 



/i :-- 



/up + m + 2/3 /i up + m + 2/3 ji 
2m + 2/3 /i cup — m — 2/3 /i 4m 
\ —1/3// 1/3/t cup + m 



and p E {1,-1} is the parity of the three-particle states. From det A = we get for 
the energy eigenvalues uf. 



Ui 

U 2 



-p(m + 2/3 /i) 



^3 = -P 



2/3A/9m 2 + 12m /t + /j, 2 + (m + 2/3 /t) 



2/3 v/9m 2 + 12m /t - /i 2 + (m + 2/3 /t) 



Due to k = 0, the eigenvalues cjj are the masses of the bound states. They are given 
as a function of the coupling constant in figure 1, where the region of the coupling 

Masses of the Boundstates 



constant g 
chosen to 



~ /i has been 
yield \ui\ < 




3m. Furthermore, we see 
that there is a region of g 
which yields three different 
eigenvalues Ui, correspond- i^i 
ing to three linear indepen- m 
dent vectors fj. But we also 
recognize that in spite of 
\ui\ < 3m, the mass scale 
of the bound states coincide 

with the mass scale of the -0.82 -0.8 -0.78-0.76-0.74-0.72 -0.7 

elementary fermions. /i/m = gs(0)/m 

This is unsatisfactory because we assume the masses of the elementary fermions to 
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be very high. In order to get realistic masses one is not allowed to use the strong- 
coupling limit. Furthermore one should use a more realistic propagator instead of 
the free propagator and in addition one had to take into account the polarization 
cloud. But we are not interested in numerical values of masses or coupling constants 
respectively, rather the above discussion should demonstrate the appearance of three 
solution manifolds which is offered by mixed symmetric spin states. 

5 Summary and outlook 

In this paper we have calculated a special class of spin 1/2 solutions of generalized 
three-particle B. W. equations. The reason why we have concentrated ourselves on 
solutions with mixed symmetry is the appearance of isospin doublets (see appendix 
[B], table 2) and the appearance of three linearly independent solution manifolds. The 
calculation of generalized three-particle B. W. equations resulting from the nonlin- 
ear spinor equation (^j) is only a first step in the calculation of the three-subfermion 
bound state dynamics. It has already been emphasized in section |3| that the non- 
diagonal part of ([|) mediates the interactions of the three-particle states. It has to 
be shown in a forthcoming paper that the effective interaction between the mixed 
symmetric three-particle states and the two-subfermion composites leads to the in- 
clusion of the three generations of leptons and quarks. This effective interaction 
has to be calculated in the framework of the weak mapping procedure which is a 
mathematical tool for calculating effective bound state dynamics ||. 
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Appendix 

A The Young-operators of S(3) which correspond 
to mixed Symmetries 

In this section we consider those irreducible representation of the group S(3) which 
correspond to the Young-diagram EP. Because we have two possible Young-tableaus 
(BP, EP), the representation is two-dimensional and the corresponding four Young- 
operators Cik are defined as f|: 




(34) 
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where Dik are irreducible two-dimensional matrix representations of the permutation 
group S(3) and P is an operator representation of the abstract S'(3)-element p. To 
be definite we choose M 



D(e) 
I 



1 
1 



( , n \ 



dm 



\ 



1 
1 



D{pis) 



V 



D(pi 3 -pi 2 ) 



1/2 -1/2V3 
-1/2 -1/2 j 
-1/2 -1/2^ 
1/2 v/3 -1/2 



P(p 23 ) 



P(Pl2 - Pis) 



1/2 1/2^ 
1/2^ -1/2 



\ 



(35) 



V 



-1/2 l/2y/Z 

-1/2V3 -1/2 



We have denoted the transpositions which interchange j, I by pji. From (|34|) and 
fl35|) we obtain 



C*22 
C*21 



I(2 + P 13 + P 23 )§(l-Pi2) 
i (2 - p 13 _ p 23 ) I (1 + p 12 ) 



i(l-P 12 )|(2 + P 13 + P 23 ) 
1 + P 12 ) | (2 - P 13 - P 23 ) 



f (P 23 -Pi3)H 1 + P i2) 
P12) 



3 



p 



12 



>/3 



23 



P 



(36) 



13 J 



: , (P 2 3 - Pis) \ (1 - P2) + P2) f (P 23 " Pis) 



where pfc is an operator representation of the S(3)-element p^- In || the following 
properties of the are proven 



Ca /~i _ sis sy 

Cik • C/j 
PCik 



Ik 







Cki 

Ski Cij 

T 



D 1 (p) ■ C 



ik 



(37) 
(38) 
(39) 
(40) 



The matrix D T is the transposed of the matrix D. In this paper the following 
applications of (0) are used: 



P23 C11 



2^11 + g ^^21 



Pl3Cll = 2^11 ~~ ^V^C; 



21 



(41) 
(42) 
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B Isospin States with mixed Symmetry 



Due to the global SU(2)xU(l) form invariance of the spinor theory, we can classify 
the three-particle states \a) according to SU(2) and U(l) quantum numbers, ignoring 
the possibility of symmetry breaking. Therefore, we require the state \a) to fulfil 
the equations 



T k T k \a) =t(t + l)\a), T 3 \a) = t z \a) , F\a) = f\a), 
Q\a) = q \a) , 

where T k are the generators of the SU(2) transformations which satisfy 



(43) 



-T n 4 r with T u , :-- 



(7 



2 I 



) k a k 



<W S(r- r') 



(44) 



The U(l) transformations which are generated by F, Q can be directly read off from 
the relations 



with Fjp := — 



1(1 



—I 



5 aa ,5(r - r') 



(45) 



[Q, ipr] = -Qn'ipr with Q U i 



{2 0^ 
0-100 
0-20 

\0 1) 



5 aa i8{r-r'), (46) 



(47) 



The SU(2) quantum numbers t, t z are called isospin quantum numbers whereas the 
U(l) quantum numbers /, q are called fermion number and charge. Obviously, the 
transformations generated by T 3 , F, Q are not independent. As a consequence, the 
relation q = t z + //2 holds. 

From (f|3D we get 



9 

4 fhhh + 2 T hi T i 2 i' fli'h 



k rpk 

k i~pk , _ I rpk rpk 



and: 



+ T hI T I 3 I> Vlhl' + T I 2 I T hI> Phil' = t(t+ 1) fhl 2 l 3 



Tl x i (PllaJa + Tj aI ipiuh + T? 3l Phhl = t z (P1U2I3 
Fju <Pll 2 l 3 + F hI (p h u s + F hI (P1U2I = f Vhhh 
Qhl Pi J a I 3 + Ql 2 I Phlh + Qhl Phhl — QPhhh 



(48) 



(49) 
(50) 
(51) 



If we substitute the ansatz (|T7|) into (^5])-(|5T|), we get equations for the isospin- 
superspin part C X \ I©- 7 ) , C22 I©- 7 ) i- e. we have to discuss isospin states with mixed 
symmetry, characterized by the Young-diagram EP. We restrict ourselves to those 
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isospin states which correspond to the Young-tableau Ur. These states are eigen- 
states to Cu or C22 resp. with eigenvalues 1 or resp.. The states which correspond 
to the tableau BP can be generated from the EF-states with the help of the operator 
C21. The number of independent tensors in n dimensions which correspond to a 
special tableau can be calculated according to H]. For mixed symmetry we have 



n 


n+: 


n-1 





(n + l)n(n — 1) 



CO 


h- 1 


1 





(52) 



In our case (n = 4) we have 20 linear independent isospin states corresponding to 
BP. For the multiplicity of the states we have 



20 = ^ 

states + charge conjugated states 

However, we must take into account the condition 



1 ■ 4 +3 ■ 2 

quartet doublet/ 



(7 5 ) K2K3 (Cue*), 







(see section Because (p0|) has an open index k we have four constraints which 
restrict the number of states to 20 — 4 = 16. These 16 states can be classified 
according to SU(2) and U(l) quantum numbers i. e. they can be chosen to fulfill 



•(5T|). In order to present these states in a readable form, we introduce the 
following definitions 



T+ := Su , T- := 5 2k , V~ := 8; 



3k 



(53) 



The U(l), SU(2) quantum numbers of the subfermions are given in the following 
table: 





T+ 


T~ 


V + 


V~ 


t 


1/2 


1/2 


1/2 


1/2 




1/2 


-1/2 


1/2 


-1/2 


f 


1/3 


1/3 


-1/3 


-1/3 


Q 


2/3 


-1/3 


1/3 


-2/3 



Table 1 



For simplicity we we omit the index k. For instance the expression T + V~T~ is 
an abbreviation for T^V~ 2 T~ = 5i Kl 5^, K2 52 K3 - With these definitions, the 16 isospin 
states which fulfill (|2"0"|) are given by 



6 1 := 



1 



V2 V 
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2 := (T+T-T- - T-T+T-) 

e 3 := (y + v-v + - V~V + V + ) 
e 4 := -= (v+v-y- - v-v+v 



e 



e 



9 



V2 

— ( T + T~V + - T~T + V + + V + T~T + - T~V + T + 
v / 6 V 

+V~T + T + - T + V-T + ) 

6 := -= f T-T+V- - T + T-V- + V~T + T- - T + V~T- 

v / 6 V 

07 ;= (y+y~ T + _ y-y+ T + + T +y-y+ _ y~T+V + 

+T-V + V + - V + T-V + ) 

e 8 := -^(v~v + t- - v + v~t- + t~v + v- - v + t-v- 



+T + V~V- - V~T + V-) 
_}_(r r +y+ T + _ y+ T + T +^ 



qio . = J_(rp+y+ T - _ y+x+T' - T + V~T + + V~T + T + 
+T -y+ T + _ y+T'T + ) 

-^={T-V~T + - V~T-T + - T~V + T- + V + T~T~ 
+T +y- T - _ y-T + T~) 
-j=(T-V~T- - V~T-T-) 
±=(y + T + V + -T + V + V + ) 
9 14 := — (v+T+V - T + V + V~ - V + T-V + + T-V + V + 



11 : = 

12 : = 

13 : = 



+V~T + V + - T + V~V- 

e 15 := —(v-t-v + - t-v-v + - v~t + v- + t + v~v- 

+V + T~V- -T~V + V-) 



16 




The isospin states \j) which correspond to the matrix elements 

O- 7 = 0{ lK2K3 = («i«2>«3| j) fulfill the relation Cu \ j) = \j) and are normalized 

according to 

(f\C n \j) = (j'\j) = 5 jjl . (54) 

The verification of (|20D is best done with the representation 

75 = T + V~ + V~T + + V + T- + T~V + 

The quantum numbers of the above isospin states are summarized in the following 
table 



\j) 


|1) 


|2> 


|3) 


|4) 


|5> 


16) 


|7> 


|8) 


t 


1/2 


1/2 


1/2 


1/2 


1/2 


1/2 


1/2 


1/2 


t z 


1/2 


-1/2 


1/2 


-1/2 


1/2 


-1/2 


1/2 


-1/2 


f 


1 


1 


-1 


-1 


1/3 


1/3 


-1/3 


-1/3 


Q 


1 








-1 


2/3 


-1/3 


1/3 


-2/3 


Interpretation: 


UJ 3 


e+ 






e 


u 


d 


d 


u 


Ui 


M + 


v„ 






c 


s 


s 


c 


UJ2 


r+ 


1J T 






t 


b 


b 


i 



Table 2 



li) 


19) 


|10) 


|H) 


|12) 


|13) 


|14) 


|15> 


|16) 


t 


3/2 


3/2 


3/2 


3/2 


3/2 


3/2 


3/2 


3/2 


t z 


3/2 


1/2 


-1/2 


-3/2 


3/2 


1/2 


-1/2 


-3/2 


f 


1/3 


1/3 


1/3 


1/3 


-1/3 


-1/3 


-1/3 


-1/3 


Q 


5/3 


2/3 


-1/3 


-4/3 


4/3 


1/3 


-2/3 


-5/3 



At this stage of calculation the name isospin, fermion number and charge do not im- 
ply any physical interpretation of the states. Rather these quantum numbers reflect 
the symmetry of eqn. (||) and serve as bookkeeping indices only. In order to deter- 
mine the phenomenological quantum numbers of the three-subfermion bound states, 
the interaction with other bound state particles must be taken into account. How- 
ever, anticipating the results of a forthcoming paper in which the effective interaction 
of these three-particle states with the two-fermion composites will be calculated, we 
may identify the quantum numbers t, t z , f,q as well as the hypercharge y = t z + | 
with the phenomenological quantum numbers of leptons and quarks. 
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